
Lecture 20:
( non - smooth )

Recall : Laplacian masking i g = f - af ( Obtain a sharp image from

Conversely ,
to get a smooth image f

a smooth image )from a non - smooth image g ,

we can solve the PDE for f  :  - of  + f -

- g
Inhntown Known

We will show that solving the above equation is equivalent to

minimizing something :

Elf ) = I fix.gr
-gcx.gs/dxdytJf(fIx)2t/ff)2dxdy



In the  discrete case
,

the PDE can be approximated I discretized ) to get .

.

fix
, y ) = gcx , y ) t I flxtl

, y ) t fix , y -11 ) t f Cx - I
, y ) t fix

, y - D - 4 fix , y , ]

for all Cx
, y ) ( Linear System)

Remark : Assume f  and g are periodically extended .

If  tf  = g can also be solved in the frequency domain =

DFT ( f) = DFT ( gt AI )

pxf
.

'

- DF 'll f) crew , = DFT ( g) Cmv ) t c DFT ( p ) luv ) DFT ( f) cu.ir )

I

⇐ DFTfflcu.vi-y.ci#pu.fDFTCgkurl
! inverse DFT

f- Cx
, y )

! !

.



Consider : E discrete (f) = Ia fix , y )
- guys )

'

t Haiti, y ) -fcx.gl
'

t

( fix , y -11 ) - fix , y , )
"

Suppose f is a minimizer  of Edis
 crete

.

Then
,

for each C x
, y )

,

I E discrete  depends  on fcx
, y ) for  each CX

, y )

JE discrete
- = O

.

Jfk
, y )

"
2 I fix

, y ) -

gcx.gl/t2ffLxtt.y)-fcx.yi)f-Dt2ffcx,ytil-fcx.yl)tDt2lflx,y7
- fix - I

, y ' ) t 2 ( fix
, y ) - fcx , y - n)

By simplification ,
we get :

fix
, y ) = gcx , y ) t I fcxtl , y ) t fix - l

, y ) tf CX
, y ti ) t fix

, y - y - 4fcx , y , )

The continuous version  of E discrete can be written as :

Elf ) =D Hex , y , - gcx.yij-I.lt#5tlHYdxdy
I 17ft



Remark:
• Solving f  = g t A f-  is equivalent to energy minimization

• The first term in E discrete is called the fidelity term
.

Aim to find f that  is close to
g .

• The second term is called the regularization term .
Aim to enhance

Smoothness .



Image processing by minimization .

Generally
,

we are given i

" i

Effy= JI!C-fcx.yi-gex.nl/dxatyJabfabll7fldxdyf-.Ca.b7xlaid-lR

§
PDE

I Disantis thee PPE

Recessive relationship.



Suppose f minimizes Elf I
.

( f :[ a ,bTxCa,bHlR )

Fix f and consider a random perturbation .
V

:C
a ,bJ×La,b ] -71k

Then : consider ft EV :[ a ,bIxfa,b7→lR

Define a function S : IR → IR by -

.

sc④=E(ft⑨v )

Theni dq{/⇐=o (
'

a

' Sto ) = Elf ) = minimum )


